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In tabular (finite-horizon) MDPs M = (S, A, P,r, u, H), roughly speaking, the learner has
to learn about reward and transition probabilities for all states and actions in the worst-
case. This is reflected in lower bounds on the regret that scale with Rx > Q(H?*?vASK) (in
the time in-homogeneous case).

In many applications the state space can be huge, and reinforcement learning is often
used together with function approximation. In such settings, we want to avoid bounds
that scale directly with the number of states S. The simplest parametric models often rely
on state-action features and linearly parametrized transition and reward functions. The
goal is to obtain bounds that scale with the complexity of the function class (e.g. the
feature dimension in linear models), and are independent of S and A.

Historically, many ideas for online learning in linear MDP models are borrowed from the
linear bandit model. Beyond what is written here, you may find it helpful to read about
stochstic linear bandits and LinUCB (see chapters 19 and 20 of the Bandit Book).

Linear Mixture MDPs

We focus on the episodic, finite-horzion MDPs M = (S, A, P,,ry,, u, H) with time in-
homogenous reward r, and transition matrix P,. We let S be a finite but possibly very
large state space, and A be a finite action space. With care, most of the analysis can be
extended to infinite state and action spaces. As before, we assume that the reward
function r;(s,a) € [0,1] is known.

We now impose additional (linear) structure on the transition kernel P,. For this we
assume the learner has access to features ¢(s, a,s’) € R? that satisfy ||¢(s,a,s’)||2 < 1. In
time-inhomogeneous linear mixture MDPs, the transition kernel is of the form

Ph,a(37 3,) = <¢(37a7 8,)302>

for some unkown parameter 6; < R¢ with ||6;||» < 1. We remark that tabular MDPs are
recovered using ¢(s, a, s') = e, , o, Where e, , , are the unit vectors in RSxA4x$,
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For any function V : § — R, we define

dv(s,a) = Z #(s,a,s\V(s') e RY

Note that (¢v(s,a),6*) predicts the expected value of V(s') when s’ is sampled from P, ,(s):

Pha(s)V = Z Pha(s,s')V(s') = Z<¢(s, a,8'),05)V(s') = (¢v(s,a),0;)

Value Targeted Regression (VTR)

Now that we have specified the parametrized model, the next step is to construct an
estimator of the unknown paramter. An estimator of §* allows us to predict the value of
any policy. For the algorithm, we are particularly interested in constructing optimistic
estimates of the value function. Hence we will also need a confidence set.

Let (V,fj))iz’; be a sequence of value functions constructed up to episode k — 1. Let
Ghj = ¢V;fi)1 (S,(Lj), Ag)) and y,; = V,ffl(s,(ﬁl). By constrution, we have that E[y; ;] = (¢5,j,0*) and
lynj| < H.Define the regularized least-squares estimator

k—1
Opi = argmin Y ({615, 0) — )" + A0
[} =0

Let I; € R¥*? be the idenity matrix. We have the following closed form for éh,k:

k-1 k—1
Ok =S4y ) bngyn;  where Tpp=) ¢y dn;+ Ay
J=0 §=0

The next step is to quantify the uncertainy in the estimation. Mirroring the steps in the
tabular setting, we construct a confidence set for éh,k.

For a positive (semi-)definite matrix ¥ € R?*¢ and vector v € R?, define the (semi-)norm
lal|s = /{v, Zv). We make use of the following elliptical confidence set for 8y,

Ck) :{9 ‘|9—0Ah7k

(
h,0

S < Bunst

where

5,11{,375 = I—I\/Iog det (3, ;) — logdet(X, ) + 2log(1/6) + VoY

The log determinant of ¥, ;, can be computed online by the algorithm. For the analysis, it
is useful to further upper bound 8 4. It is possible to show the following upper bound on
Brrs that holds independent of the data sequence:
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ﬂi{zf,s < H\/dlog(l + k/(d)) + 21og(1/8) + VA

For a derivation of the above inequality see Lemma 19.4 of the Bandit Book. The next
lemma formally specifies the confidence probabilty.

Lemma (Online Least-Squares Confidence) Fix some 0 < h < H. Then

P[GZ € Ng>1Chps] > 196

Proof: The above result is presented as Theorem 2 in Abbasi-Yadkori et al (2011), where
the proof can also be found. [ |

The confidence set can be used to derive bounds on the estimation error with probability
at least 1 — ¢ as follows:

[(Bv(5,a), B — 0] < 8 (5,a) 51 1B — 8"l 3,0 < B2 1w (5, @)l 50

The first inequality is by Cauchy-Schwarz and the second inequality uses the confidence
bound from the previous lemma.

UCRL-VTR

Similar to the tabular UCRL and UCBVI algorithms, UCRL-VTR uses the estimates éh,k to
compute an optimistic policy. One way of obtaining an optimistic policy is from optimistic
Q-estimates Qﬁf) (s,a) defined via backwards induction. Then UCRL-VTR follows the
greedy policy w.r.t. the optimistic Q-values.

UCRL-VTR
Inepisodesk =1,...,K,
1 Set V{¥(s) = 0. Compute §,, , and 3, .. Recursively define optimistic value functions

Forh=H —1,...,0:
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=)

- : 2

Ok = argmelﬂz ((n,3:0) —wng)” + All6ll
=1

k
Yhr = Z ¢h,j¢{j + Ay
=1
(k) 1/2
n (8:0) = (ru(s,0) + @y (5,0),On) + By 5l by (s:0)[5) A H
Vh(k)(s) = max Q;lk)(s, a)
> Follow greedy policy w.r.t. Q" (s, a).
Forh=0,...,H — 1:

Agk) = argmax Q;Zk)(S,(Zk), a)
ac

Let g = 6, (5", 47) and y i = V1) (517,

We are now in the position to state a regret bound for UCRL-VTR.

Theorem (UCRL-VTR Regret) The regret of UCRL-VTR satisfies with probability at least
1 — 26:

Ry < O(dH”log(K)/ K log(KH/5))

Note that the bound scales with the feature dimension d, but not the size of the state space
or action space. The lower bound for this setting is Rx > Q(dH*/?>v/K), therefore our upper
bound is tight except for a factor /H.

Proof:
Our proof strategy follows the same steps as in the proof of UCRL.
Step 1 (Optimism):

Taking the union bound over h = 0,..., H — 1, the previous lemma implies that with
probability at least 1 - 4, forall h ¢ [H — 1] and all k > 0, 6} € C,") ;. In the following, we

condition on this event. Using induction over h = H, H — 1,...,0, we can show that
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v (i) < viP(sy?)
Step 2 (Bellman recursion and estimation error):
Foranyh =0,...,H — 1, we find

Vh(k)(S(k)) Vﬂ'k(S(k))
< Dy (527, A7), 000 + B2 lldy (S, A 5 — P o (S

h+1

k k * k) * k T
=<¢Vh<ﬂ<s,§>,Ag>>,eh,k—e>+ﬂ,t{,i5/ﬂu¢ (S8, A1z, +Ph,A;f)<s< NVt = Vit

The inequality is by the definition of V *) and dropping the truncation, and in the last line
we add and subtract P* , (S, & ))Vh(fl <¢V ( A( ), 8%). Further, by Cauchy-Schwarz on
h,A!

the event 6* € C; 5,5 We get

Gy (S, A, Ok = 07) < B2 s il (57, A 150

Continuing the previous display, we find

Vh( )(S( )) Vﬂ'k(S(k)

k) k) * k T
< 26} nsyull by (5 A 1 + Py (S = Vi)
1/2 (k) 4 (k) (k) (k) 7r (k)
= 2/Bh,k,6/HH¢V (Sh 7Ah )HZ;}C + Vh+1(Sh+1) - Vh+k1(Sh+1) + §h,k

where we defined
* k k s k k s k
& = (B (SEWVE = Vilt) = (Vi (1) = Vit (8,)

Recursively appliying the previous inequality and summing over all episodes yields

H—

K K
SV Vs < 3028k

k=1 k=1 h—=0

_

ot Enk

Note that &5, is a martingale difference sequence, hence by Azuma-Hoeffdings inequality
we have with probability at least 1 — 6,

K H-1
HK

E Eni < H 5 log(1/9)

=1 h=0

Step 3 (Cauchy-Schwarz):

Note that 3, ; s is non-decreasing in both & and k. Very little is lost by bounding
Birs < Bu.x s From the previous step, we are left to bound the sum over uncertainties
I¢n,x[l5; : - We start with an application of the Cauchy-Schwarz inequality. Applied to
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sequences (a;)" ,, (b;)"_,, we have that | > | a;b;| < \/ >oryaz >t b Applied to the regret,

i=1 "1

we get:

H—

K 1/2
z 2ﬁh,k75“¢h,k

k=1 h=0

—

H-1 12 K
2
ot < D 2Byl icsn | KD 1ons 51
S k=0 k=1 *

Step 4 (Elliptic potential lemma):

The penultima step is to control the sum over squared uncertainties ||¢;[|% .. This
h,k

classical result is sometimes refered to as the elliptic potential lemma:

K
S gnalz . < O(dlog(K))
k=1 ’

The proof, as mentioned earlier, can be found as Lemma 19.4 in the Bandit Book.
Step 5 (Summing up):

It remains to chain the previous steps and take the union bound over the event where the
confidence set contains the true parameter and the application of Azuma-Hoeffdings.

K
k 7r k
Ri =Y VP(s§) — v (s
k=1
K H-1 12
<> (28 sllonnlls;: + En)
k=1 h=0
< C-HBY 1/ dlog(K)K + HY2\ /2K log(1/9)
For some universal constant C. This completes the proof. O

Linear MDPs

So far we have seen the linear mixture MDP model. This is not the only way one can
parameterize the transition matrix. An alternative is the linear MDPmodel, defined as
follows for features ¢(s,a) € R¢ and parameters ¢} € R and 65 < R¢:

Pyi(s,s") = (¢(s,a), ¥ (s"))
rh(s;a) = (¢(s, a),0})

Note that tabular MDPs are recovered using ¢(s,a) = e, ,, Where ¢, , are the unit vectors in
RSX.A-
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Compared to the linear mixture model, an immediate observation is that the dependence
on the the next state s’ is pushed into the parameter v;(s’') € R¢. Consequently, the
dimension of the parameter space scales with the number of states, and it is not
immediately clear how we can avoid the S dependence in the regret bounds.

Another consequence of this model is that the Q-function for any policy is linear in the
features ¢(s, a).

Lemma:

Under the linear MDP assumption, for any policy = the Q-function Q7(s, a) is linear in the
features ¢(s, a). That is, there exist parameters w] € R¢ such that

Qh(s,a) = (¢(s, a), wh)

Proof: The claim follows directly from the definition of Q7 and the assumptions on r(s, a)
and Py ,(s).

Qr(s,a) = ri(s,a) + Pua(s) Vi
= (¢(s,a),0;) + Z Vir () (é(s,a), 97 (s)))

= (#(s, a), wp)

where we defined w] = 65 + >, ¥} (s")V,";(s') for the last equation. |

In light of this lemma, our goal is to estimate w7 . This can be done using least-squares
value iteration (LSVI). Let {${", AY,..., 8% |, AY) |, S¥}* 1 be the data available at the
beginning of episode k. Denote ¢, ; = ¢(S,(f), A( ) and define targets

Ynj = rh(S}(Lj), AY )) + max,¢ 4 QhH(S}(f ,a) based on Qh+1(s a) estimates obtained in episodes
j=1,...,k—1.

Least-squares value iteration solves the following problem:

2
W, _argmlnz (Djnw) —y;n)” + Awl3

weRC
The closed form solution is wix = 3}, Y5 ) ¢nyn; Where Spx = 32071 ¢in¢], + Al

Based on the estimate @y ;, we can define optimistic Q- and V-estimates:
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k ~ »1/2
QEL )(S, a’) = (<¢(8, (1,), wh,k) =+ ﬂk,/(i ||¢(S, a/)HE’:}C) NH

k k
V9(6) = max @l

Assuming that the features satisfy ||¢(s,a)|]» < 1 and the true parameters satisfy ||6; ||, < 1

and ||¢}v||2 < V/d for all v € RS with ||v||« < 1, 0ne can choose the confidence parameter as
follows:

Brps = O (d2 log(HfSK))

This result is the key to unlock a regret bound that is independent of the size of the state

space S. The proof requires a delicate covering argument. For details refer to chapter 8 of
the RL Theory Book

LSVI-UCB

Algorithm: LSVI-UCB

In episodesk =1,...,K,

1 Initialize Vb(,j)(s) =0forj=1,...,k—1.

Forh=H —1,...,0, compute optimistic @ estimates:

ung = (S, AD) + VLS Vi=1. k-1

dni= ¢SV, AYY wi=1,.. k-1
k—1
Wy = argmin > ({60, w) = y;n) "+ Awll3

weRd =1
k—1
Thk = Z bind;p + A
j=1
W (s,0) = (($(s,0), dne) + B2 (s, 0) 1) A H
> Forh=0,...,H — 1, follow greedy policy

A;lk) = argmax Q;Lk) (S,(Lk), a)
ac
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Note that computing the optimistic policy in episode k can be done in time O(Hd? + HAd)
by incrementally updating the least-square estimates wy , using the Sherman-Morrison
formula. Compared to UCRL-VTR, this avoids iteration over the state space S, which is a
big advantage!

Theorem (LSVI-UCB Regret)

The regret of LSVI-UCB is bounded up to logarihmic factors and with probability at least
1 — ¢ as follows:

Ry < O(d**H*VK)

Proof: The proof idea follows a similar strategy as the proof we presented for UCRL-VTR.
As mentioned before, the crux is to show a confidence bound for LSVI that is indepenent
of the size of the state space. For details, we again refer you to chapter 8 of the RL Theory
Book. |

Notes

Bernstein-type bounds for VTR (UCRL-VTR™)

The UCRL-VTR* algorithm is computationally efficient and able to obtain a regret upper
bound of O(dHVK), and O(dv'T(1 — v)~'%) in the episodic and discounted, infinite horizon
setting respectively. These results rely on using bernstein-type bounds.

Better regret bounds for Linear MDPs (Eleanor)?

A careful reader might have noticed that the regret bound for LSVI-UCB, &(d*?H?VK), is
not tight with the tabular lower bound, Q(dv'K). The difference is in a factor of v/d. The
Eleanor algorithm (Algorithm 1 in Zanette et al (2020)) is able to shave of the factor of v/d,
obtaining a regret upper bound of O(dH?v'K). However, it is not currently known if the
alogrithm can be implemented in a computationally efficient way. The Eleanor algorithm
operates under the assumption of low inherent Bellman error (Definition 1 in Zanette et al
(2020)), which means the function class is approximately closed under the Bellman
optimality operator. It is interesting to note that this assumption is more general than the
Linear MDP, thus Eleanor is also able to operate under the Linear MDP assumption.

https://rltheory.github.io/lecture-notes/online-rl/lec24/ 9/10


https://en.wikipedia.org/wiki/Sherman%E2%80%93Morrison_formula
https://rltheorybook.github.io/rltheorybook_AJKS.pdf
https://arxiv.org/pdf/2003.00153.pdf
https://arxiv.org/pdf/2003.00153.pdf

1/7/23,9:53 PM Featurized MDPs | RL Theory

References
The UCRL-VTR paper.

Ayoub, A, Jia, Z., Szepesvari, C., Wang, M., & Yang, L. (2020, November). Model-based
reinforcement learning with value-targeted regression. In International Conference on
Machine Learning (pp. 463-474). PMLR. [link]

The UCRL-VTR* paper. It also shows the regret lower bound for linear mixture MDPs
Q(dH**VK).

Zhou, D., Gu, Q., & Szepesvari, C. (2021, July). Nearly minimax optimal reinforcement
learning for linear mixture markov decision processes. In Conference on Learning Theory

(pp. 4532-4576). PMLR. [link]

The LSVI-UCB paper.

Jin, C., Yang, Z., Wang, Z., & Jordan, M. I. (2020, July). Provably efficient reinforcement
learning with linear function approximation. In Conference on Learning Theory (pp.
2137-2143). PMLR. [link]

The Eleanor paper.

Zanette, A., Lazaric, A., Kochenderfer, M., & Brunskill, E. (2020, November). Learning
near optimal policies with low inherent bellman error. In International Conference on
Machine Learning (pp. 10978-10989). PMLR. Link

Copyright © 2020 RL Theory.

https://rltheory.github.io/lecture-notes/online-rl/lec24/ 10/10


https://arxiv.org/pdf/2006.01107.pdf
http://proceedings.mlr.press/v134/zhou21a/zhou21a.pdf
https://arxiv.org/pdf/1907.05388.pdf
https://arxiv.org/pdf/2003.00153.pdf

